Notes. The 95% confidence level flux upper limits are derived with a fixed power-law photon index 2.3 in the energy range of 10 -500 GeV and with a fixed power-law photon index 2.0 for the 4 resolved energy bins. Upper limit fluxes are given in units of photons cm −2 s −1 . The errors are obtained by considering the two main systematic uncertainties in the Galactic diffuse background and in the effective area. The meanings of the spatial templates are as follows: 1) HAWC-SBP template assumes that the gamma-ray flux distribution traces the TeV SBP measured by HAWC [15] ; 2) Disk template represents a disk with a radius of 2
• for Geminga and 1.83
• for PSR B0656+15 [13] ; 3) Diffusion 1, Diffusion 2 and Diffusion 3 templates correspond to the expected gamma-ray profiles in three diffusion models (i.e., one-zone diffusion model, twozone diffusion model with r0 = 30pc and two-zone diffusion model with r0 = 50pc) respectively.
GeV emission associated with the TeV nebulae using the data from Fermi-LAT.
Previous searches for the GeV emission around Geminga with Fermi-LAT have yielded non-detections [21, 22] . We here analysed the 10-yr Fermi-LAT data near the region of Geminga and PSR B0656+14, searching for possible spatially extended emission in addition to the point-source emission of the pulsar. No extended GeV emission is detected from the TeV nebulae of Geminga and PSR B0656+14 (see Appendix A for details). The flux limits for various spatial templates are obtained (Table 1) , which are more stringent than previous limits due to a much longer observation time. As the flux limits in 10 − 100 GeV are lower than the TeV flux measured by HAWC, the limits impose meaningful constraints on the positron flux injected from the pulsars and hence on their contribution to the positron flux observed at Earth.
We now compare the GeV flux limits with the expectation from the TeV nebula measured by HAWC. To calculate the expected GeV flux, we need to know the density distribution of electrons/positrons in the TeV nebulae. The method to calculate the density distribution of electron/positrons is given in Appendix B. We firstly compare our results on the gamma-ray spectrum and the surface brightness profile (SBP) of the TeV nebula with that in Ref. [15] , which assumes that the inefficient diffusion region inferred from TeV nebulae extends all the way to the Earth. By adopting the same parameters[37], we reproduce the total gamma-ray flux in 8 − 40 TeV and the SBP of Geminga TeV nebula measured by HAWC (see the left panel of Fig. 1 ). However, the expected GeV fluxes exceed the upper limits of Fermi-LAT by more than one order of magnitude. Due to a much lower diffusion coefficient, the contribution to the positron flux by Geminga is very low, consistent with the result in Ref. [15] .
It has been argued that the assumption of a low diffusion coefficient in the local region is inconsistent with the detection of the highest-energy (up to 20 TeV) electrons by H.E.S.S. [16] . Thus, it is more reasonable to assume that the low diffusion region is only restricted to the region close to pulsars and the outer region has a normal diffusion coefficient, as already suggested in [17, 18] . Following this, we consider a two-zone model for electron diffusion and adopt a step function for the diffusion coefficient
Ref. [15] has obtained D 1 = 4.5×10 , as inferred from measurements of the boron-to-carbon ratio and other cosmic-ray secondary-to-primary ratios [16, 18] . As shown in the right panel of Fig. 1 , the multi-TeV spectrum and the SBP can be fitted with most parameters being unchanged except introducing an additional outer fast-diffusion region, while the predicted positron flux at the Earth is significantly increased, accounting for 70% of the measured positron flux above 100 GeV. This is consistent with the conclusion in previous literatures [17, 18, 20] . However, the expected GeV gamma-ray flux also overshoots the upper limits of Fermi-LAT by more than one order of magnitude. This demonstrates the important role of the GeV observations in constraining the positron flux from pulsars.
On the premise of fitting the multi-TeV spectrum and the SBP of the TeV nebulae measured by HAWC, we need to reduce the ratio between multi-GeV gamma-ray flux and multi-TeV gamma-ray flux. As a result, a harder electron injection spectrum is required or a spectral break needs to be introduced around TeV in order to reconcile the predicted multi-GeV flux with the observed flux by Fermi-LAT. We here adopt the former choice since the number of the free parameters in this case is fewer. Note that although Ref. [15] suggests a spectral index of p ≃ 2.25 to fit the multi-TeV spectrum, a harder electron injection spectrum in combination with a relatively small γ max can lead to a similar spectral shape in the range of 8 − 40 TeV. In addition to the spectral index of injected electrons, the radius of the boundary of the two diffusion zones, i.e., r 0 , can also influence the flux ratio to some extent.
There are various sets of parameters being able to fit the multi-TeV spectrum and the SBP, but the corresponding positron fluxes at the Earth are different. We need to find out the maximally allowed positron flux at Earth produced by Geminga and in the mean time take into account the observations of HAWC and Fermi-LAT. The maximum positron flux is obtained when the diffusion timescale of electrons/positrons from Geminga to the Earth are equal to the age of the Geminga pulsar, since the injection power from pulsars decreases with time. Given that the diffusion in the inner region dominates the propagation time of positrons from the pulsar to the Earth, we find
for a given r 0 , where τ Gem is the age of Geminga (τ Gem = 340kyr). This is easy to understand: if the diffusion is too slow, the injected electrons can not arrive at the Earth after propagating a period of τ Gem ; on the other hand, if the diffusion is too fast, the injected electrons/positrons will distribute in a too large volume and hence the flux at the Earth will be low. From the above relation, one can find that the positron flux at Earth increases with r 0 . This is because that a larger r 0 requires a larger D 1 and consequently a faster diffusion of electrons. As a result, it requires a larger electron/positron injection power (i.e., W e ) to fit the TeV gamma-ray flux, subsequently leading to a higher positron flux at Earth. However, a larger D 1 also results in a flatter SBP. To make the predicted SBP as steep as the measured one, we need to invoke a relatively high magnetic field (B 1 ) for the inner region so that the density of 100 TeV electrons decreases faster at large distance due to faster radiative cooling. We show the expected spectrum, SBP and positron flux at Earth for r 0 = 50 pc and 100 pc in Fig. 2 . For both r 0 , D 1 is obtained through Eq. 2 and we adjust B 1 , W e , and γ max to fit the HAWC spectral data and SBP data. A hard injection spectrum with p = 1.6 is needed in order not to overshoot the multi-GeV flux limits imposed by Fermi-LAT. The resulting maximum positron fluxes above ∼ 100 GeV are about 5% of the measured value by AMS-02 [25] for r 0 = 50 pc and 15% for r 0 = 100 pc, respectively. However, in the latter case, the required magnetic field for the inner region is B 1 = 10µG, which is higher than the typical ISM magnetic field (i.e., 3 − 6 µG). The high magnetic filed leads to a too large magnetic field energy in the inner region, i.e., W B,1 = B 2 1 r 3 0 /6 ≃ 5 × 10 50 ergs, which far exceeds the total energy of injected electrons/positrons from pulsar spin-down and is comparable to the total energy released in a supernova explosion. Thus, in order to make the case of large r 0 physically reasonable, one has to seek a very efficient mechanism for amplification of the magnetic field with the energy being provided by some extra sources other than pulsars, or alternatively argue that the high magnetic field somehow originally pre-existed in this region. Either of the two choices requires extreme conditions. As can be seen from Fig.2 (right panel) , even allowing for this extreme condition of B 1 = 10µG, Geminga can contribute at most ∼ 15% of the observed positron flux above ∼ 100 GeV.
The positron flux can be increased if the diffusion coefficient in the outer region (D 2 ) is smaller than the standard value for ISM. We study this case by taking a favorable value of D 2 for the local ISM (see Appendix C for details). We find that although the positron flux can be significantly increased in the energy above 300 GeV, the spectrum of the positron flux shows a very sharp rise at several hundreds of GeV, which is dramatically different from the measured positron spectrum (see Fig.5 in Appendix C). We also study the case of an energy-independent diffusion coefficient for the inner region (i.e. D 1 (E) ∝ E 0 ), and find that the maximum positron flux is also much lower than the observed one (see Appendix D for details). We thus disfavor Geminga as the dominant source of the observed positron excess.
PSR B0656+14 is another nearby pulsar that is suggested to be able to contribute significantly to the positron flux. We study the maximally allowed positron flux produced by PSR B0656+14 with a similar approach to the case of Geminga (see Appendix E for details). To reconcile with the GeV flux limits imposed by Fermi-LAT, the injected electron spectrum in the TeV nebula must be harder than p = 1.9. As shown in Fig.7 , PSR B0656+14 can not be the dominant source of the positron flux above 10 GeV. Therefore, the origin of the positron excess must be explained by other sources, such as other pulsars, other types of nearby cosmic accelerators such as supernova remnants [26, 27] and microquasars [28] , or even the annihilation or decay of dark matter particles(e.g. [9] [10] [11] [12] ).
FIG. 1:
Left: comparison between observational data and theoretical expectation in the one-zone diffusion model for the gamma-ray spectrum within 10
• of Geminga (top panel), the surface brightness profile of 8 − 40 TeV emission (middle panel) and the positron flux at Earth (bottom panel); Right: the same as the left panel, but for a two-zone diffusion model where a standard ISM diffusion is assumed for the outer zone beyond r0. The GeV flux limits are obtained using the diffusion spatial templates in accordance with the respective theoretical models (see Table 1 ). The TeV spectral and SBP data measured by HAWC are taken from ref. [15] . The positron flux data measured by AMS-02 are taken from [25] . Fermi-LAT is a gamma-ray telescope that detects photons by conversion into electron-positron pair in the energy range from 20 MeV to higher than 500 GeV [30] . We study the extended gamma-ray emission around Geminga and PRS B0656 + 14 using 10 yr (from 2008 August 4 to 2018 September 17) of Pass 8 SOURCE data at energies between 10 GeV and 500 GeV. We consider the photons within two 22
• × 22
• regions of interest (ROI) centered at positions (α J2000 , δ J2000 )= (98.48
• , 17.77 • ) and (α J2000 , δ J2000 )= (104.95
• , 14.24 • ) respectively. Photons detected at zenith angles larger than 105
• were excised to limit the contamination from gamma-rays generated by cosmic-ray interactions in the upper layers of the atmosphere. We utilize the Fermi Science Tools package (v10r01p01) with the instrument response functions (IRFs) P8R2 SOURCE V6. The data were furtherly filtered by the relational filter expression (DATA QUAL > 0) && (LAT CONFIG == 1) in gtmktime. We binned our data in a spatial binning of 0.05
• . For the background, we consider all sources listed in the third Catalog of Hard Fermi-LAT Sources (3FHL, [35] ) within our selected ROI, the diffuse Galactic emission modelled by the standard LAT interstellar emission model (IEM) gll iem v6.fits [31] , and the isotropic component accounting for the extragalactic diffuse gamma-ray background and misclassified cosmic rays with a spectral shape described by iso P8R2 SOURCE V6 v06.txt. The 3FHL sources and the diffuse background models have been released and described by the Fermi-LAT collaboration through the Fermi Science Support Center (FSSC). For our background fitting, we allow all the 3FHL sources to have a free normalization and spectral index. In addition, we left the normalization free for the Galactic emission and the isotropic component.
In order to assess the completeness of above background emission model for the Geminga and and PRS B0656 + 14 region, we use the gttsmap tool to search for any additional gamma-ray sources within our ROIs (FIG. 3) . For each 0.5
• × 0.5
• pixel in the map we evaluate the test statistic (TS), defined as TS = −2(lnL 0 − lnL), where L 0 is the maximum-likelihood value for null hypothesis and L is the maximum likelihood with the additional source under consideration. We find 24 non-3FHL sources ( with individual TS > 16 ) within the two ROIs around Geminga and PRS B0656 + 14, noting that most of the non-3FHL sources are associated with the ones listed in the preliminary Fermi-LAT list of sources (FL8Y) (https://fermi.gsfc.nasa.gov/ssc/data/access/lat/fl8y/). We consider these sources as point sources located at the positions of local maximum TS value and obtain the best-fit spectral parameter assuming a power-law spectrum (dN/dE = A × (E/E 0 ) −Γ ). In the subsequent analysis, we include these non-3FHL sources into our improved background model. As shown in FIG. 3 , no significant extended GeV emission coincide with the HAWC TeV nebulae is found. Thus, we first derive the upper limit flux in the energy band 10 -500 GeV based on various spatial templates listed in Table  1 . Moreover, we divide the 10 -500 GeV range into 4 logarithmically spaced energy bins and derive the upper limit fluxes in each interval, assuming a power-law shape with a fixed photon index Γ = 2 for each spatial templates. To solve convergence problems, we perform the maximum likelihood spectral analysis in each energy bins fixing spectral indices of bad sources to their broad-band background-only fitting value and removing the point sources with TS value lower than 2 from our background model. The results are listed in Table 1 and shown in FIG. 4 .
For >10 GeV Fermi-LAT data analysis, two main systematic uncertainties can affect the LAT upper limit flux estimation for extended spatial templates: uncertainties in the Galactic diffuse background and in the effective area. We use our 16 alternative IEMs to replace the standard one and perform the above analysis to estimate uncertainties in the Galactic diffuse background. In order to create the alternative IEMs, we adopted the following procedure. We use the maps of the predicted Galactic diffuse gamma-ray emission derived in Ref. [32] as the start point of our template creation (https://galprop.stanford.edu/PaperIISuppMaterial/). Among 128 sets of maps provided by ref.
[32], we adopt 16 sets which varies in the most important parameters involved in the template creation, including CR source distribution (Lorimer, SNR), halo size (4 kpc, 10 kpc), spin temperature (150 K, 10 5 K), and E(B − V ) magnitude cut (2 mag, 5 mag). We further fit the GALPROP output intensity maps associated with H I , H II , H 2 and IC simultaneously with an isotropic component, Loop I , Fermi bubbles, and 3FGL sources to 8 years of Fermi-LAT data in order to minimize the bias in the priori assumptions (see ref. [33] for more details). As the alternative method differs from that used to create the standard interstellar emission model, the resulting uncertainties will not bracket the results using the standard model [33] . Thus, we estimate the relative error due to the uncertainty in Galactic diffuse background by 2 × F UL max −F UL min F UL max +F UL min , where F UL max and F UL min are the maximum and the minimum upper limit flux estimated for each spatial templates and at each energy intervals, using the 16 alternative IEMs. Finally, we find that the systematic uncertainties in the Galactic diffuse background range from 18% to 32%. The uncertainties in the effective area are estimated by using modified IRFs whose effective area bracket that of our nominal IRF. These "biased" IRFs are defined by envelopes above and below the nominal dependence of the effective area with energy by linearly connecting differences of (5%, 10%) at log(E) of (4, 5.2) respectively [34] . We combine these two errors in quadrature to obtain our systematic uncertainty as shown in Table 1 . 
